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Abstract.Asymptoticexpansionsofthedistributionsofthirteenfitindexes
usedincovariancestructureanalystsinpracticeareobtained.Thefitindexes
includetheusualloglikelihoodratiostatisticfわrapositedmodelandthe
functionsofthisstatisticandthecorespondingstatisticoftheso-caled
baselinemodelofuncorrelatedobseⅣedvariables.Theresultsarederivedby
thetwo-term EdgeworthexpansionunderflXedalternativesforpossibly
nonnormalydistributeddata.Anumericalexampleuslngamisspecifiedfactor
analysismodelisshowntoseethebehavioroftheasymptoticresultsinfinite
samples.
Keywords:Fixedaltematives,nonno-aldistributions,Edgeworthexpansion,
structuralequationmodeling,RMSEA
1Purpose
lncovariancestructureanalysts,Variousindexesareusedtoassessthe
goodness-of-fitofapositedmodel･Amongthesefitindexes,theclassiclog
likelihoodratiochi-squarestatisticisabasiconewiththeassumptlOnOf
multivariatenormalityfわrobservedvariablesunderthenulhypothesisofatrue
model･LetFbethediscrepancyfunctionforWishartmaximumlikelihood
estimation,i.e.F-F(S,∑)-lnF∑l-1nlSl+tr(∑LIs)-p,
where∑=∑(0)isthecovariancematrixforpobservedvariablesdescribed
bya qXIparametervector0 andSisthe PXP unbiasedsample
covariancematrix. Then,thevectoroftheWishartmaximum likelihood
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estimators0 isobtainedbyminimizingFovertheparameterspace.LetF
denoteFwhen∑ isgivenby∑-∑(0).Then,itiswelknownthatunder
normalitywithatruemodelnF isasymptoticalychi-squaredistributedwith
thedegre?Soffreedom (dj)beingU=P(p'1)/2-q,wheren'1-Nisthe
samplesize.Whenthemodelisslightlymisspecifiedorunderalocal
altemativein normalsamples,nF hasasymptoticaly thenoncentral
chi-squaredistribution.Undernomalitythiscanbeusedfortestingmodels.In
thelocalalternativethepopulationcovariancematrixisassumedtobea
functionofn,whichisatechnicalonetohavethenoncentraldistributionandis
notarealisticassumptlOn.
Inpractice,itisknownthatwhenthesamplesizeislarge,nF tendsto
becomelarge,whichindicatesthatfixedaltemativehypothesesaremore
realistic･Inpractice,dataareusualynonno-alydistributed.Ogasawara
(2007a)derivedtheasymptoticdistributionsofvariousfitindexesincludingthe
chi-squarestatisticbythesingle-termEdgeworthexpansionundernonnormality
andfixedaltematives.Inthispapertheresultsareextendedtothetwo-term
Edgeworthexpansionwithsimulationsforconfirmationwithaflnitesample
SIZe.
2Fitindexes
As inOgasawara(2007a),thirteenfitindexesincludingF aredealt
withinthisarticle.Themembersofthefirstgroup(ll]tol8]givenbelow)are
thefitindexesasfunctionsofF whilethemembersofthesecondgroup([9]
to[15])usetheso-caledbaselinemodelofunco汀elatedobseⅣedvariablesas
welasF.Theyaredefinedas
ll]i-lnl∑l-1nISI+tr(i-1S)-p;[2]FB-lnlDiag(S)トlnISI;
2i
2F.p 2F.p ;[4]AGFI-1-PT (1-GFI,;[3]GFI=1- - - r L
[5]Abs･GFI-expH(p-:);[6]RMSEA-
[7】r1-1-
2(F-(U/n)) p
2(F-(U/n)i+p 2(F-(U/n))+p
1■ :,,)llIMaxl--I.1)
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[8]r2-1-9ipiD(1-r-);20
FB-klF-k2=1-klF+k2-ko
FB-ko FB-ko with
[9] NFI, k.-0,kl=1,k2-0;[10]IFI(A2),k.=U/n,kl-1,
k2-0;[11] P.,k0-0,kl=UB/U,k2-0;[12] P2,ko=uB/n,
k.-uB/U,k2=0;[13]FI(RNI),k.-uB/n,k.-1,k2-(UBIL')/n;
whereF isasbefore;FBisthevalueofF forthebaselinemodelof
uncorrelatedobservedvariableswithdf-i)B=P(p+1)/21P-P(pll)/2;
Diag(･)denotesadiagonalmatrixwhosediagonalelementsarethoseofthe
argumentmatrix;andfordetailsofthefitindexesseeOgasawara(2007a).
3Asymptoticexpansionofthefitindexes
LetI=I(F,FB) bethefunctionofF and/orFB. Weassumethat
thefolowingTaylorexpansionwiththediferentiabilityofIwithrespectto
samplevariancesandcovariancesuptothethirdorderisavailable:
I-Io･S L-OT(S-CT,･!(£〕`2>IIs-ol(S- GT,<2,
whe,eI.-I(Fo,FB.),F.-叫∑｡トInl∑Ti+tr(∑言1∑T)-P,∑｡-∑(0.),
FB.-lnlDiag(∑T)[-1nl∑Tl,∑T=E(S),S-V(S), 6,-V(∑,),V(･)is
thevectorlZlngOperatortakingthenonduplicatedelementsofasymmetric
matrix,S'P' -S⑳S⑳-⑳S (ptimes)isthep-foldKroneckerproductofa
vector,and 0. isgivenbyfitingthe(misspecified)modeltothetrue
｡｡varia｡｡｡matrix ∑,.
LetW-JB(IIIo)･From(1),underaflXedaltemativ.eassumptionwith
possiblynonnormaldata,whenthecumulantsexisttheyareglVenby
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K.(W)=E(W)=n-1/2a.+o(nJ3/2),
K,(W)-El(W-E(W))2]=α,+n-1△α2+0(nL2),
K,(W)-El(WIE(W))3]-n-1/2a3+0(nJ3/2), (2)
K.(W)-El(W-E(W))4卜3(K2(W)2-n-1α.+o(n~2).
Usingtheasymptoticcumulantsof(2),itisknownthatthefわlowing
distributionfunctionbythetwo-ten Edgeworthexpansionisvalidfor
nonnormaldataunderregularltyCOnditions:
pr(茅 ≦I)-o(I,-n-I/2IBf幕 (Z2車 )
-nl.(i(A α2･α.2,㌢ (芸･警)完亡空+a32(Z5-10=3.15=)72a23 )♂(I)
十o(〃~l),
where彬 )-(1/J玩 exp'-22/2).and¢(Z)-LZ# )dt
TheasymptoticcumulantsareglVenbythemomentsoftheobseⅣable
variablesuptotheeighthorderwiththepartialderivativesorthefitindexes
withrespecttothesamplevariancesandcovariancesoftheobservablevariables
uptothethirdorder(seeOgasawara,2007a,b).Theremainingasymptotic
cumulantotherthanthoseavailableinOgasawara(2007a)isα4,Whichisthe
mostcomplicatedonein(2).Thiscanbegivenbyusingthefb-ulaor
Ogasawara(2006):
α ｡-∑∑∑∑a≧bc≧de≧fg≧h[
6I. ∂I. aI. ∂I.
∂cTTab∂gTcdaC'Tef∂gTgh
･(Ka8bcdefgh･iKac27bdefgh･iKac･e,?bdfgh .8
I∑ KacegKbd,hI∑ KabegKcd,hI∑ KacKbeKdfghI∑ KacKegKbdJh
･皇KacKbegKdP･皇KbcKdeKfgKha一 皇 KabcdM(ef,gh,〕
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82Io aIo aIo
声 ∂J,ab∂C'Tcd∂JTefaJTghaC'T,A
･∑2
･∑∑
j≧k/≧m
9 -皇 M(ab,cd)M(ef,gh,jk)
互 ∂2Io ∂2Io .三 ∂3Io alo
2∂J,ab∂O-TcdaC'Tef∂oITgh 380･TabaOITcd∂C'Tef∂JTgh
濃 芝 生M(ab,cd,M(ef,gh,M(jk,lm,]
-(4α,α3+6α2△α2+6α2α～),
wherethepartialderivativesdenotethoseevaluatedatthepopulationvalues;
a≧b is P≧a≧b≧1; Mtab, cd) and Mtef gh,jk) are
nE((sob-CTab)(sob-CTTcd))and
n2E((sef-JTef)(sgh-C,Tgh)(S,k-C,T,k)iupt.0(1),respectivelywithA
S-(sabiand∑T-〈JTab);and∑ isthesumofksimilarterms.
4Numericalilustration
A numericalexampleuslngamisspecifiedone-factormodelasin
Ogasawara(2007a)ispresented,wherethetruecovariancematrixisgivenby
thetwo-factormodel:
ET-ATAT.+VT,AT-
[
.6 .6 .6 .6 .6
.3 .3 .3-.3-.3-
V T-diag(･55,･55,･55,･55,･55,･55,･55)･
Nomalandnonno…alobservationswithsamplesizeAk300wererandomly
generatedbyX-rTr,WhererTisalower-triangularmatrixsuchthat
∑T-rTrT-and∫isarandom vectorwithindependentelements･For
nonnormalobservationstheelementsoffhavestandardizedchi-square
distributionswith df-3.Thesimulationwasperformedwith 1,000,000
replications･Table1showsasymptoticandsimulatedcumulantsexceptα2･
ThesimulatedAa2isdeflnedbyn2(sD21n11a,),whereSDistheusual
standarddeviationforafitindexglVenby1,000,000estimates.Table2shows
therootmeansquareerorsoftheapproximatedistributionfunctionsofthe
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standardizedestimators(nl/2(I- I.)/α呈′2)givenbythesingle-andtwo-te,m
EdgeworthexpaTsionsandHal'S(1992)variabletransformation･Thetrue
distributionfunct10nSWereglVenbythesimulations.ItisknownthatHal's
methodisasymptoticalyequlValenttotheslngle-tem Edgeworthexpansion･
Weseethatonaveragethetwo-tem Edgeworthexpansionhasreducedthe
erors.
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Table I.Theoreticalandsimulatedcumulantsforthemisspecifiedone-factormodel
(N-300)
Normal x2(djg3) Normal x2(djg3)
Fitindex Th. Sim. Th. Sim. Th Sin. Th. Slm.
△α2(hlgher-orderaddedvariance) α1(bias)
F .17 1.97
FB 31.18 36.72
GF1 -1.20 -1,00
AGF1 -6.54 -5.43
Abs.GFl l2.43 -1.97
RMSEA -5.58 -4.97
-8.53 -2.62
82.84 86.18
-2.54 -1,92
-13.85 -10.43
-5.48 -4.03
-9.29 -7.77
r. -1126 11･05 -2･66 -2･00
r2 -6･85 -5･69 114･47 110･91
NFI -12.81-ll.71 -27.32 -22.51
IF1 -13.57-12.42 -29.12 -24.01
β】 -35･59-32･52 -75･90 -62･52
p2 -38･90135･61 -83･62 -68･95
FI(RNI) -14.00-12.82 -30.10 -24.82
α∃(skewness)
F 7.89 7,ll
Ft3 54.0 55.9
GF1 -.14 -ll
AGF1 -1.79 -1.45
Abs.GF】 -.58 -.48
RMSEA -.10 1.08
13.9 12.3
130,0 134.3
-.26 -.20
-3.27 -2.57
-1.06 -.85
-.08 -.05
｢l -･15 -･12 -･27 -121
｢, -188 -1･53 -･3･45 -･2･70
NFI -.3.26 -.2.53 -.4.40 -.3.09
IF1 -.3.36 -2.60 -4.58 -3.21
β】 -15･1 -11･7 -20･4 -14･3
p2 116･5 -12･8 -22･4 -1517
Fl(RNl) 13.56 -2.76 -4.83 -3.39
7.74 7.87
15.00 15.18
-2.15 -2.17
-5.02 -5.07
-3.41 -3.45
2.44 2.48
-2.19 -2.21
-5.11 -5.16
-4.35 -4,28
-4.60 -4.52
-7.25 -7.13
-7.77 764
-4.66 14.58
? ?? ? ?? ? ???????? ?? ?? ?????? ???? ?? ????
?
??? ?? ????
α4(kurtosis)
73.5 51.0
377 491
.1 .0
4.0 .9
1.2 .5
.5 .2
.1 .0
4.2 .9
22.0 99
22.9 10.2
170 76.4
194 88.3
25.1 114
?? ?????? ?? ? ???
?
? ?
? ?
? ? ??? ??? ? ? ?
?
???
? ? ? ?
?
? ?? ? ?
Note.Th.-Theoreticalorasymptoticvalues.Sin.=Simulatedvalues.
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Table2･105×rootmeansquareerorsoftheapproximatedistributionfunctionsofthe
standardizedestimatorsforthemisspecifiedone-factormodel(N-300)
N* E1 E2 Hal N* E1 E2 Hal
Normalydistributeddata Chi-squaredistributeddatawithdj23
F 7690 864
FB 5776 626
GFl(AGFI) 7473 669
Abs.GFI 7513 702
RMSEA 6858 318
rl(｢2) 7471 667
NFI(pl) 5561 399
IF1 5818 399
(FI,RNI) 5791 403
248 254
66 118
245 303
244 283
233 724
245 304
332 499
338 508
339 511
7377 746
6114 701
7138 547
7183 581
6467 33I
7136 545
5181 628
5432 623
5405 629
456 368
80 150
450 469
451 443
409 897
450 470
487 753
501 772
501 774
Note.N*=Normal approximation,El-Single-term Edgeworthexpansion,E2-Two-ten
Edgeworthexpansion,Hall=Hal'smethodbyvariabletransformation.
